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We disuss Casimir phenomena whih are dominated by long-range utua-
tions. A prime example is given by geothermal Casimir phenomena where
thermal utuations in open Casimir geometries an indue signiantly en-
haned thermal orretions. We illustrate the underlying mehanism with the
aid of the inlined-plates onguration, giving rise to enhaned power-law tem-
perature dependenes ompared to the parallel-plates ase. In limiting ases,
we nd numerial evidene even for frational power laws indued by long-
range utuations. We demonstrate that thermal energy densities for open
geometries are typially distributed over length sales of 1/T . As an impor-
tant onsequene, approximation methods for thermal orretions based on
loal energy-density estimates suh as the proximity-fore approximation are
expeted to beome unreliable even at small surfae separations.
Keywords: Casimir eet, nite-temperature eld theory, worldline approah
1. Introdution
Beyond its many attributes and genuine properties, the Casimir eet
13
is also a phenomenon that an be dominated by long-range utuations.
At rst sight, this statement may seem surprising as many standard Casimir
examples do not show manifest signatures of a long-range utuation phe-
nomenon (suh as, e.g., ritial phenomena). For instane, the length sale
of utuations assoiated with the lassi Casimir eet between parallel
plates is ertainly set by the plate separation a, serving eetively as a
long-range uto.
Another seeming ounter-example for the above-given statement is the
sphere-plate onguration at small separation distanes a, whih is experi-
mentally highly relevant.
4
Here, the Casimir interation energy behaves as
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E ∼ R/a2 for a/R→ 0, where R is the sphere radius. It thus exhibits a sim-
ple power law with integer oeients that follow from a geometri saling
analysis known as the proximity fore approximation (PFA).
5
(The validity
of this approximation in the asymptoti regime has been onrmed by an-
alytial as well as numerial methods of quantum eld theory,
610
see also
Ref. 11 for a solution at larger distanes.) Similar geometri analyses work
equally well for, say, eletrostati fores in the same onguration whih
are not related to any long-range utuation phenomenon.
In the present work, we argue that these examples do not reveal the
long-range nature of the Casimir eet, as the orresponding interation
energies are dominated by rather loalized energy densities. E.g., for the
sphere-plate ase, the dominant ontribution to the Casimir fore arises
from the region between the surfaes at losest separation. By ontrast, we
present Casimir phenomena in the following where the energy density is
distributed over a wide range of sales, suh that the potential long-range
nature of the Casimir eet beomes most prominent.
An example of this lass of phenomena is the nontrivial interplay of
nite-temperature and geometry dependenes of the Casimir eet. As rst
onjetured in Ref. 12, the thermal modiations of the Casimir eet an
dier qualitatively for dierent geometries. This is beause the thermal or-
retions arise from thermal exitations of the utuation spetrum, whih
in turn depends strongly on the geometry. First analytial as well as numer-
ial evidene of this geothermal interplay has been provided in Ref. 13 by
applying the worldline formalism to a perpendiular-plates onguration.
A detailed study of this phenomenon for the more general inlined-plates
ase has been performed in Ref. 14, the results of whih will be used as a
quantitative example for our arguments in the following.
The purpose of the present ontribution is to develop the general physis
piture underlying the geothermal Casimir phenomena. In Set. 2, we dis-
uss the origin and various general perspetives on the interplay between
geometry and nite temperature. Setion 3 briey summarizes the world-
line method whih is a powerful tool to analyze this interplay quantitatively.
Several examples will be disussed in Set. 4, where we also present new re-
sults for the thermal fore density of spei open geometries. Conlusions
are given in Set. 5.
2. Origin of geothermal Casimir phenomena
The origin of a nontrivial interplay between geometry and temperature in
the Casimir eet an be understood in simple terms. Consider the lassial
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parallel-plate ase: as the wavelengths of the utuations orthogonal to the
plates have to be ommensurate with the distane a between the plates, this
orresponding relevant part of the spetrum ω2n(a) = p
2
‖+(πn/a)
2
has a gap
of wave number k
gap
= π/a. As is obvious, e.g., from the partition funtion
Z =
∑
n exp(−ωn(a)/T ), the gapped modes are exponentially suppressed
at small temperatures T ≪ k
gap
. In D = 4 spaetime dimensions, the
integration over the parallel modes p‖ onverts this exponential dependene
into the low-temperature power law T 4 for the parallel-plate Casimir fore.
The orresponding thermal ontribution to the interation energy (apart
from a distane-independent term) is
∆E‖(T ) =
π2
90
AaT 4, aT ≪ 1, (1)
where A denotes the plate's area. The above-given argument for a suppres-
sion of thermal ontributions applies to all geometries with a gap in the
relevant part of the spetrum (e.g. onentri ylinders or spheres, Casimir
pistons, et.). These geometries are alled losed.
By ontrast, open geometries with a gapless relevant part of the spe-
trum have no suh suppression of thermal ontributions. Any small value
of the temperature an always exite the low-lying modes in the spetrum.
Therefore, we expet a generially stronger thermal ontribution ∼ (aT )α
with 0 < α < 4.
Another argument for the fundamental dierene between open and
losed geometries and thermal orretions is the following: Eq. (1) an also
be written as ∆E‖(T ) = V ǫSB, where V = aA is the volume between the
parallel plates, and ǫ
SB
is the Stefan-Boltzmann free energy density of the
radiation eld. Hene, we an understand the low-temperature orretion
in the parallel-plate ase as an exluded volume eet: the thermal modes
of the radiation eld at low temperatures do not t in between the plates,
and therefore the orresponding volume does not ontribute to the total
thermal free energy. By ontrast, open geometries by onstrution annot
be assoiated with any (unambiguously dened) exluded volume, suh that
signiant deviations from a T 4 behavior an be expeted.
These onsiderations immediately point to the possibility that the ther-
mal part of the low-temperature Casimir eet an be dominated by long-
range utuations. This is beause a temperature muh lower than the
inverse distane, aT ≪ 1, sets a new length sale whih an be muh larger
as the plate distane as well as any other length sale of the geometry (suh
as a sphere radius). In losed geometries, this length sale is eetively ut
o by the gap in the spetrum, implying the parametri suppression of
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thermal eets. In open geometries, this length sale sets a relevant sale
that an, for instane, reet the spatial extent of the distribution of the
thermal energy density. The total thermal energy thus an reeive dom-
inant ontributions from long-range modes orresponding to signiantly
extended thermal energy distributions.
An important onsequene an already be antiipated at this point: ap-
proximation methods that are based on loal onsiderations will generially
fail to predit the orret low-temperature orretion in open geometries.
An example is given by the PFA whih is based on the assumption that the
Casimir energy an be estimated by integrating over loal parallel-plates
energy densities. Whereas this approximation may or may not work at zero
temperature depending on the geometri details of the onguration, it is
even oneptually questionable at nite temperature, as open geometries
should not be approximated by losed-geometry building bloks. Quantita-
tively, suh a proedure is expeted to fail, as loal energy-density approx-
imations will not be able to apture the ontributions from larger length
sales indued by long-range modes.
The temperature-geometry interplay is not an aademi problem: exper-
imentally important ongurations suh as the sphere-plate or the ylinder-
plate geometry belong to this lass of open geometries, but thermal orre-
tions have so far been approximated by the PFA. Whether or not a poten-
tially signiant geothermal interplay may exist in the relevant parameter
range aT ∼ 0.01 . . .0.1 is a tehnially hallenging quantitative problem.
The onsiderations so far have onentrated on the low-temperature
limit. In fat, the high-temperature limit exhibits a universal linear depen-
dene on the temperature for a simple reason. At high temperature in the
imaginary-time formalism, only the zeroth Matsubara mode an ontribute
as all higher modes aquire thermal masses ∼ πT and hene are largely
suppressed. The zeroth Matsubara mode has no temperature dependene
at all, suh that the only temperature dependene arises from the mea-
sure of the utuation trae whih is linear in T . A less tehnial argument
with the same result an be based on the underlying Bose-Einstein dis-
tribution governing the bosoni thermal utuations of the radiation eld.
This distribution inreases as ∼ T in the high-temperature limit, indu-
ing this linear temperature dependene diretly in the thermal energy. The
properties of the geometry only enter the prefator in the high-temperature
limit. Universal features of thermal Casimir energies with an emphasis on
the high-temperature limit have been systematially studied in Refs. 1619.
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3. Worldline method for the Casimir eet
Let us briey review the worldline approah
20
to the Casimir eet as
it is needed for the present line of argument. For the remainder of the
paper, we onsider a utuating massless salar eld satisfying Dirihlet
boundary onditions on the Casimir surfaes. For details of the formalism,
see Refs. 7,14,21. Consider a ongurationΣ onsisting of two stati surfaes
Σ1 and Σ2. The worldline representation of the Casimir interation energy
reads
Ec = − 1
2(4π)D/2
∫ ∞
0
dT
T 1+D/2
∫
ddxCM 〈ΘΣ[x(τ)]〉 , (2)
whereD = d+1 denotes the spaetime dimensions. The worldline funtional
obeys ΘΣ[x] = 1 if a worldline x(τ) intersets both surfaes Σ = Σ1 ∪ Σ2,
and is zero otherwise.
The expetation value in Eq. (2) is taken with respet to an ensemble
of d-dimensional losed Gauÿian worldlines with enter of mass xCM,
〈. . . 〉 =
∫
x
CM
Dx . . . e− 14
R
T
0
dτ x˙2(τ)∫
x
CM
Dx e− 14
R
T
0
dτ x˙2(τ)
. (3)
Equation (2) expresses the fat that all worldlines interseting both surfaes
do not satisfy Dirihlet boundary onditions on both surfaes. They are
removed from the ensemble of allowed utuations by the Θ funtional and
thus ontribute to the negative Casimir interation energy. The auxiliary
propertime parameter T sales the extent of a worldline by a fator of √T .
Large T orrespond to long-range, small T to short-range utuations.
Finite temperature T = 1/β in the Matsubara formalism is equivalent
to a ompatied Eulidean time on the interval [0, β]. The worldlines now
live on S1×Rd and an arry a winding number. Summing over all winding
numbers, the Casimir energy (2) beomes
Ec = − 1
2(4π)D/2
∫ ∞
0
dT
T 1+D/2
(
1 + 2
∞∑
n=1
e−
n2β2
4T
)∫
ddxCM 〈ΘΣ[x(τ)]〉 . (4)
The nite-temperature worldline formalism for stati ongurations thus
boils down to an additional winding-number prefator in front of the world-
line expetation value. Notie that the winding-number sum is diretly re-
lated to the standard Matsubara sum by a Poisson resummation.
Finally, it is advantageous to resale the worldlines suh that the veloity
distribution beomes independent of T ,
γ(t) :=
1√T x(T t) → e
− 1
4
R
T
0
x˙
2dτ = e−
1
4
R
1
0
γ˙
2dt, (5)
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Fig. 1. Left panel: sketh of the inlined-plates onguration. The innite plate (dashed
line) is rotated in the x, z plane by an angle ϕ. As speial ases, ϕ = 0 orresponds to the
onguration of one semi-innite plate parallel to an innite plate (1si onguration),
whereas ϕ = pi/2 yields the perpendiular-plates onguration. Right panel: all relevant
information for the evaluation of the Casimir energy (6) of inlined plates is enoded in
the funtion γm(x), whih has to be integrated from γxmin to γxmax .
where γ˙ = dγ(t)/dt. The worldline integrals an be evaluated also numeri-
ally by Monte Carlo methods in a straightforwardmanner. Various eient
ab initio algorithms for generating disretized worldlines with Gauÿian ve-
loity distribution have been developed, see, e.g., Refs. 7,22.
4. Geothermal phenomena for inlined Casimir plates
4.1. Inlined plates at zero temperature T = 0
The inlined-plates (i.p.) onguration turns out to be an ideal work horse
to study geothermal phenomena, in partiular, the transition from open to
losed geometries and the role of long-range utuations. It was studied
in detail in Ref. 14 for general D. Very reently, results for inlined plates
have been obtained for the eletromagneti ase at zero temperature using
sattering theory.
15
Here, we summarize our results for D = 4 and provide
more details on the geometry-temperature interplay.
The inlined-plates onguration onsists of a perfetly thin semi-
innite plate above an innite plate at an angle ϕ, see Fig. 1. The semi-
innite plate has an edge of length Ly. The area of the innite plate is A.
The limit Ly, A → ∞ is impliitly understood. Let a be the minimal dis-
tane between the plates. Evaluating the Θ funtional for this ongura-
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tion
14
in (2), the Casimir energy an be written as
Ei.p.,ϕc
Ly
=− csc(ϕ)
96 π2 a2
〈∫ γxmax
γxmin
dx γ3m(x)
〉
, (6)
where
γm(x) ≡ x cos(ϕ) + sin(ϕ)γzmax(x)− γxmin(ϕ), (7)
γxmin(ϕ) ≡ min
t
(γx(t) cos(ϕ) + γz(t) sin(ϕ)) . (8)
Here, the Casimir energy has been related to simple geometrial properties
of the worldlines: γxmin(ϕ) measures the extent of the worldline in the nega-
tive x diretion of a oordinate system rotated by the angle ϕ, and γz
max
(x)
denotes the x-dependent envelope of the worldline in positive z diretion,
see Fig. 1. Equation (6) is shown as a funtion of ϕ in Fig. 2.
For ϕ = π/2 we redisover the perpendiular plates result23,24 as a
speial ase. For ϕ = 0, the integral in Eq. (6) an be done analytially
resulting in 〈λ4/4〉 = π4/30. Together with the ϕ-dependent prefator,
Eq. (6) diverges as ϕ→ 0 as it should. This is beause Eq. (6) orresponds
to the energy per unit edge length, whereas for ϕ → 0 the Casimir energy
beomes proportional to the area of the semi-innite plate.
The result for the parallel limit ϕ → 0 has to arise from the general
inlined-plates formula Eq. (6), but involves a subtle limiting proess whih
was performed in Ref. 14. For this 1si ase, the total Casimir interation
energy deomposes into,
23,24
E1sic = E
1si,‖
c + E
1si,edge
c , (9)
where E
1si,‖
c /A is the usual Casimir energy per unit area of two parallel
plates, with A now being the area of the semi-innite plate. The subleading
edge energy E1si,edgec arises solely due to the presene of the edge and is
proportional to the length of the latter. For nite plates, the edge eet
ontributes to the Casimir fore, eetively inreasing the plates' area.
14,23
The Casimir torque Di.p.,ϕc an easily be obtained from
Di.p.,ϕc =
dEi.p.,ϕc
dϕ
. (10)
Fitting the numerial data for the torque to an odd polynomial in the
viinity of ϕ→ π/2, we obtain (see Fig. 2)
D
i.p.,ϕ→pi/2
c a2
Ly
≈ 0.00329
(π
2
− ϕ
)
+ 0.0038
(π
2
− ϕ
)3
. (11)
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Fig. 2. Left panel: normalized Casimir energy per edge length of the inlined-plates
onguration, c(ϕ) = −2880Ei.p.,ϕc a
2 sin(ϕ)/pi2Ly. The blue area orresponds to the
PFA predition: for the upper bound, we have used the innite plate as a basis, for the
lower bound the semi innite plate, yielding cos(ϕ) and cos3(ϕ) as bounding urves,
respetively. Right panel: normalized Casimir torque per edge length (Eq. 10) and its
expansion around ϕ = pi/2 (Eq. (11)) and ϕ = 0 (Eq. (12)), respetively.
For the other limit ϕ→0, the Casimir torque diverges. The leading order,14
Di.p.,ϕ→0c
∼= Lyπ
2
2880a2ϕ2
≈ 0.00343 Ly
a2ϕ2
, (12)
is an exellent approximation to Eq. (10) for ϕ not too lose to π/2. The
divergent Casimir torque per length an be onverted into a nite torque
per unit area whih leads to the lassial result for the torque,
D‖,ϕ→0c =
ALzπ
2
960a4
≈ 0.0103ALz
a4
. (13)
Here, A and Lz denote the semi-innite plate's area and the extent in z
diretion, respetively.
A new harateristi ontribution emerges from the edge eet Eq. (9)
whih eetively hanges the shape of the upper plate seen by world-
lines, as the upper plate appears to be higher near and at the edge
itself. This leads to a ontribution whih works against the standard
torque (13). The orretion to Eq. (13) emerging from the edge eet then
is
14 ≈ −(0.003660± 0.000038)Ly/a2.
4.2. Inlined plates at nite temperature
Deomposing the Casimir free energy at nite temperature T = 1/β into
its zero-temperature part Ec(0) and nite-temperature orretion ∆Ec(T ),
Ec(T ) = Ec(0) + ∆Ec(T ), (14)
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is straightforward in the worldline piture by using the relation (4).
The nite-temperature orretion is purely driven by the worldlines with
nonzero winding number, whereas the ompliated geometry-dependent
part of the alulation remains the same for zero or nite temperature.
The same statement holds for the Casimir fore Fc(T ) = Fc(0) + ∆Fc(T ).
In the following, we onentrate on the low-temperature limit, aT ≪ 1.
Full expressions for arbitrary temperature an be found in Ref. 14. From di-
mensional analysis of Eq. (14), we would naively expet the Casimir energy
to be of the form
Ec(T ) = Ec(0)(1 + c1aT + c2(aT )
2 + c3(aT )
3 + . . . ). (15)
No negative exponents should appear in (15) sine the thermal part of the
energy has to disappear as T → 0. Generially, the T = 0 Casimir energy
Ec(0) diverges for surfaes approahing ontat a → 0. From Eq. (15),
we would naively expet the same for the thermal orretion. If, however,
suiently many of the rst ci's in Eq. (15) vanish, then the thermal part
of the Casimir energy will be well behaved in a without a divergene for
a→ 0.
This is indeed the ase for parallel plates (c1 = c2 = 0, and Ec(0) ∼
1/a3) and for inlined plates (c1 = 0, and Ec(0) ∼ 1/a2). As a onse-
quene, an extreme simpliation arises: the thermal ontribution in the
low-temperature limit an be obtained by rst taking the formal limit a = 0
(only in the thermal ontribution, of ourse).
In the following, we argue that there is no divergene in the thermal
ontribution in the limit a → 0 for general geometries: Imagine a fany
geometry. The a-divergent part arises from the regions near the points (or
lines or surfaes) of ontat as a → 0. The surfaes in these regions by
onstrution bend away from eah other. The thermal ontribution an
now be made larger by attening the surfaes in the ontat region. Let us
now substitute these regions by broader parallel plates. Then, the loal
thermal ontribution to the Casimir energy of the original onguration
will be learly smaller than the nite thermal ontribution of parallel plates.
As the latter does not lead to divergenes for a → 0, there an also be no
divergene for the general urved ase arising from the ontat regions. Of
ourse, innite geometries may still experiene an innite thermal fore,
as it is the ase for two innitely extended parallel plates, but the loal
thermal ontribution to the fore density will be nite.
Another distint feature of low-temperature eets is the spread of the
thermal fore density over regions of size ∼ 1/T even for very small sepa-
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rations a. These eets are, of ourse, relevant for open geometries suh as
a sphere and ylinder above a plate.
25
But it an also be demonstrated by
alulating the thermal fore density ∆fc(r, T ) = fc(r, T )− fc(r, 0) for two
perpendiular plates at a distane a = 0 as a funtion of the oordinate
r on the innite surfae measuring the distane from the edge (i.e., the
ontat point). The result an easily be obtained fully analytially on the
worldline,
25
yielding
∆fc(r, T ) = −T
4Ly
2π2
[
π4
45
−
∞∑
n=1
〈
2e−(nλ1/2rT )
2
n4
− λ
2
1e
−(nλ1/2rT )
2
2T 2n2r2
〉]
, (16)
where λ1 measures the extent of half a unit worldline, i.e., the distane
measured in x diretion from the left end to the enter of mass. Resaling the
radial oordinate r → λ1r per worldline, the following resaled fore density
leads to the same fore upon integration over r,
∆f˜c(r, T ) = −T
4Ly
√
π
4π2
[
π4
45
−
∞∑
n=1
(
2e−(n/2rT )
2
n4
− e
−(n/2rT )2
2T 2n2r2
)]
, (17)
where we have used 〈λ1〉 =
√
π/2. (Equations (16) and (17) possibly dier
by a total derivative, but both provide for a reasonable thermal fore den-
sity.) Upon integration, we obtain the thermal fore of the perpendiular
plates at a = 0,∆Fc(T ) = −ζ(3)LyT 3/4π in agreement with Ref. 13. In the
limit a → 0, the onguration has a sale invariane, whih is reeted in
the fat that Eqs. (16, 17) remain unhanged under T → Tα, r → r/α
and ∆f˜c → ∆f˜c/α4 for arbitrary α. That means that evaluating (16, 17)
for say T = 1 is suient to infer its form at all other T . Equation (17)
is shown for T = 1 in Fig. 3. The inetion point of eah term in the n
sum is at r0 = n/T
√
10. For r < 1/T
√
10 the fore density stays nearly
onstant (and is equal to the rst term in (16)) and rapidly goes to zero
for r > 1/T
√
10. From this, we draw the important onlusion, that the
region of onstant fore density an be made arbitrarily large in r diretion
by hoosing suiently low T .
Similar important onsequenes arise for temperature eets in other
geometries. For example, the radial fore density of a sphere above a plate
exhibits a maximum due to the ylindri measure fator r, see Fig. 3. Al-
though this fore density is not sale invariant due to the additional dimen-
sionful sale R (sphere radius), its maximum will nevertheless move away
from the sphere as the temperature drops. No loal approximate tools suh
as the PFA will be able to predit the orret thermal fore. The fat that
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Fig. 3. The negative resaled thermal fore density Eq. (17) for perpendiular plates
(dashed blue line) and the negative radial thermal fore density for a sphere of radius
R = 1 above an innite plate (solid red line) for T = 1. The thermal fore density in the
sphere-plate ase has a maximum of ≈ 2pi × pi2/90, where the fator 2pi arises from the
ylindrial measure. Note that a onsiderable fration of the fore density lies outside
the sphere whih only extends to r = 1. As temperature drops, the maximum moves
monotonously to the right.
the fore density is not sale invariant leads to dierent temperature be-
haviors for T < 1/R and T > 1/R even in the limit a→ 0.25
Let us now ompare the low-temperature limit of the Casimir energy
of two inlined plates with that of two parallel plates. For (aT ) → 0, the
orretion ∆E
‖
c to the well-known parallel-plates energy reads
∆E
‖
c (aT → 0)
A
= −ζ(3)T
3
4π
+
π2aT 4
90
≈ −0.0957T 3+ 0.110aT 4. (18)
Note that only the T 4 term ontributes to the fore. The thermal orretion
to the inlined-plates energy is muh more sensitive to temperature,
∆Ei.p.,ϕc (aT → 0)
Ly
= − cϕ,T0T
2
24 sin(ϕ)
+
ζ(3)aT 3
4π sin(ϕ)
, (19)
where cϕ,T0 was alulated numerially in Ref. 14 as a funtion of ϕ.
Only the seond term, whih is a purely analytial result, ontributes to
the fore. Equation (19) is the generalization of a result for perpendiular
plates, ϕ = π/2, see Ref. 13.
Equation (19), being an energy per edge length, diverges as ϕ → 0.
As in Eq. (9), it has to be replaed by the energy of a semi-innite plate
above a parallel one, E1sic (T ) = E
1si,edge
c (T ) + E
1si,‖
c (T ). The thermal part
of E
1si,‖
c (T ) is as in Eq. (18), where A is the area of the semi-innite plate.
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The leading thermal orretion to the edge eet ∆E1si,edgec (T ) reads
∆E1si,edgec (T )
Ly
= −cϕ,T0T
2
24
+ 0.063a1.74T 3.74. (20)
We nd that the low-temperature regime of the 1si edge eet is well de-
sribed by a non-integer power law,∆F 1si,edge

∼ T 3.74, where the frational
exponent arises from the geometry-temperature interplay in this open ge-
ometry. Of ourse, our numerial analysis annot guarantee to determine
the true asymptoti behavior in the limit aT → 0, but our data in the
low-temperature domain 0.01 . aT . 0.4 are well tted by the non-integer
saling also at higher t orders.
14
This result is very reminisent to non-
integer exponents known from ritial phenomena. In both ases, this result
arises from utuation ontributions on all length sales, learly revealing
the long-range nature of both phenomena. Note that the leading tempera-
ture exponent of the 1si geometry is between the parallel-plates exponent
4 and the inlined-plates exponent 3, reeting the fat that thermal prop-
erties of the 1si geometry lie between those of the parallel and inlined
plates.
The long-range nature of Casimir phenomena beomes also visible at
the thermal orretion to the torque. This is immediately transparent
from Eq. (19). Whereas the a-independent rst term of Eq. (19) does
not ontribute to the fore, both terms in Eq. (19) ontribute to the low-
temperature limit of the Casimir torque, the thermal ontribution being
d∆Ei.p.,ϕc (T )/dϕ. Conentrating on the limit aT → 0 for small deviations
from the perpendiular-plates ase, ϕ = π/2−δϕ, an expansion to rst
order in δϕ yields:
∆Di.p.,ϕ=pi/2−δϕc (aT → 0)/Ly = (0.0716− 0.0957aT )T 2δϕ. (21)
In the validity regime of the low-temperature expansion, aT ≪ 1, the pos-
itive rst term is always dominant, hene the perpendiular-plates ase
remains a repulsive xed point. Most importantly, we would like to stress
that the quadrati dependene of the torque on the temperature ∼ T 2
(∼ TD−2 in the general ase) for the inlined-plates onguration repre-
sents the strongest temperature dependene of all observables disussed
here.
5. Conlusions
A nontrivial interplay between nite temperature utuations and the ge-
ometry of a onguration an give rise to a variety of qualitatively dier-
ent thermal orretions to Casimir phenomena. This eet beomes most
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pronouned in geometries where the relevant part of the spetrum is gap-
less. In these so-alled open geometries, any small value of the temperature
an exite low-lying thermal modes, giving rise to thermal orretions. By
ontrast, a gap in the relevant part of the spetrum of losed geometries
suppresses thermal exitations at low temperature.
In the present work, we have developed the general piture underly-
ing these geothermal Casimir phenomena. Open geometries, for instane,
support a stronger inuene of long-range utuations on thermal Casimir
phenomena. We have illustrated the underlying mehanisms with the aid
of the inlined-plates onguration and also presented rst results for the
experimentally important sphere-plate onguration.
Furthermore, we have presented a general argument that low-
temperature orretions to Casimir fores beome muh more easily a-
essible by taking the (formal) ontat limit a → 0 (only for the thermal
ontributions), as thermal orretions remain well behaved in this limit.
Whereas the existene of this limit is well known for parallel plates, we
have argued that the same result holds for general geometries. The exis-
tene of this limit is also a reason why thermal orretions, for instane, in
the perpendiular-plate ase an be determined analytially. We expet that
this observation will be useful for many other geometries as well. This should
lead to pratial simpliations also in other eld theory approahes suh as
funtional-integral approahes,
26,27
sattering theory,
2832
and mode sum-
mation.
33
This partiular geothermal interplay whih we have observed in the
ontext of the Casimir eet is ertainly not restrited to Casimir physis.
The ruial ingredients are a gapless utuation spetrum (though small
gaps may not neessarily exert a strong quantitative inuene) in a spatially
inhomogeneous bakground. We expet that similar phenomena an our
for the thermal response of a system with an inhomogeneous ondensate
and an (almost) gapless utuation spetrum.
We onlude with the remark the geothermal interplay is only one out
of several highly nontrivial interferenes between deviations from the ideal
Casimir limit. For instane, the interplay between dieletri material prop-
erties and nite temperature
34
is still a subjet of intense theoretial investi-
gations and has reated a long-standing ontroversy.
3539
Also the interplay
between dieletri properties and geometry has been shown to lead to signif-
iant deviations from ideal urvature eets as well.
40
All this exemplies
that a profound understanding of the Casimir eet requires a thorough
quantum eld theoreti basis.
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